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Abstract 



It is shown that the resistance between the origin and any lattice point 
(l,m,n) in an infinite perfect Simple Cubic (SC) is expressible rationally 
in terms of the known value of G a (0,0,0) . The resistance between arbitrary 

sites in a SC is also studied and calculated when one of the resistors is 
removed from the perfect lattice. Finally, the asymptotic behavior of the 
resistance for both the perfect and perturbed SC is also investigated. 
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1. Introduction 

The calculation of the resistance between two arbitrary grid 
points of infinite networks of resistors is a new-old subject 1 7 . 
Recently, Cserti 8 and Cserti et. al 9 studied the problem where they 
introduced for the first time a method based on the Lattice Green's 
Function (LGF) which is an alternative approach to using the 
superposition of current distributions presented by Venezian 3 and 
Atkinson et. al 4 . 

The LGF for cubic lattices has been investigated by many 
authors 10 20 , and the so-called recurrence formulae which are often 
used to calculate the LGF of the SC at different sites are 
presented 2122 . 

The values of the LGF for the SC have been recently evaluated 
exactly 23 , where these values are expressed in terms of the known 
value of the LGF at the origin. 

In this paper; we calculate the resistance between two arbitrary 
points in a perfect and perturbed (i.e. a bond is removed) infinite 
SC using the method presented by Cserti 8 and Cserti et. al 9 . 
The LGF presented here is related to the LGF of the Tight-Binding 
Hamiltonian(TBH) 24 . 

2. Perfect SC Lattice 

In this section we express the resistance in an infinite SC network 
of identical resistors between the origin and any lattice site (l,m,n) 
rationally, where it can be easily shown that 8 23 

R (l,m,n) + ^ + p 

where g = G (0,0,0) is the LGF at the origin. 

and p 1 ,p 2 ,p 3 aiQ related to r l5 r 2 ,r 3 (i.e A t , A 2 , A 3 Duffin and Shelly's 

parameters 23,25 ) as 

A =l- r , =1-^-^2 

P2=- r 2=^2 ( 2 ) 



1 - 

Pi =" r 3 ="^3 
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Various values of r 15 r 2 ,r 3 are shown in Glasser et. al 23 [Table 1] for 
(l,m,n) ranging from (0,0,0) -(5,5,5). To obtain other values of rj,r 2 ,r 3 one 
has to use the following relation : 



22 



G (/ + 1, m, n) + G (/ - 1, m, ri) + G (/, m + \,n) + G (/, m - 1, «) + 

(3) 

G (/, m, /? + 1) + G (/, m, n - 1) - -2S l0 S m0 S n0 + 2EG (/, m, /?) ; E = 3 

In some cases one may need to use the recurrence formulae (i.e. Eq. (3)) 
two or three times, and by the method explained above we calculate 
different values forrj,r 2 ,r 3 for (l,m,n) beyond (5,5,5). Various values of 

p l ,p 2 ,p 3 are shown in Table 1. 

The value of the LGF at the origin (i.e. G a (0,0,0)) was first evaluated by 
Watson in his famous paper 26 , where he found that 

G (0,0,0) = (-) 2 (18 + 12V2 - 10V3 - l46)[K(k )f = 0.505462. 
n 

where k = (2 - V3)(V3 - 4l) 
I 1 

K(k) = d6 is the complete elliptic integral 

4\-k 2 Sin6 

of the first kind. 

A similar result was obtained by Glasser and Zucker 27 in terms of gamma 
function. 

To study the asymptotic behavior of the resistance in a SC, one can show 
that 8 as any of l,m,n goes to infinity then, G (l,m,n) . Thus 

^^G„(0,0,0). (4) 

3. Perturbed SC Lattice 

In this section we calculate the resistance between any two lattice sites 
in a SC, when one of the resistors (i.e. bonds) between the sites 

h = <Xx K . L ) and j = (j ox , j , j oz ) is broken, where 9 



Rd, j) = r a, j) + miM±MhOzMiQzMi^ (5) 

4[R-R o (i o J o )] 
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As an example; let us assume that the bond between i = (0,0,0) and 

j = (1,0,0) is broken. So, we calculate the resistance between any two 

sites. Our results are arranged in Table 2, and for example: 
The resistance between the sites i = (0,0,0) and j = (1,0,0) is 

i?(l,0,0) = |. (6) 

R 

i.e. the resistance between the two ends of the broken bond is — , which is 

2 

a predictable result 9 . 

Now, if the broken bond is shifted to be between the sites i = (1,0,0) 
and j = (2,0,0) , then one can find the resistance between any two sites (i.e. 
i = (i x ,i y ,i z ) and j = UxJyJz))- Using Eq. (5) again one obtains the results 
arranged in Table 3 . 

For large values of i and j the resistance in a perturbed SC, 
becomes 

R(i,j) R (i,j) _ m 
R R K } 

We conclude that for large separation between the two sites the perturbed 
resistance approaches the perfect one (i.e. it approaches a finite value). 

4. Results and Discussion 

Fig. 1. shows the resistance against the site (l,m,n) along the [100] 
direction for both a perfect infinite and perturbed SC (i.e the bond 
between i = (0,0,0) and j = (1,0,0) is broken). It is seen from the figure that 

the resistance is symmetric (i.e. R o (l,0,0) = R a (-l, 0,0)) for the perfect case 

due to the inversion symmetry of the lattice while for the perturbed case 
the symmetry is broken so, the resistance is not symmetric. As (l,m,n) 
goes away from the origin the resistance approaches its finite value for 
both cases 8 . 

Fig. 2. shows the resistance against the site (l,m,n) along the [010] 
direction for a perfect infinite and perturbed SC (i.e the bond between 
i = (0,0,0) and j = (1,0,0) is broken). The figure shows that the resistance is 

symmetric for the perfect and perturbed case, since there is no broken 



4 



5 



bond along this direction. As (l,m,n) goes away from the origin the 
resistance approaches its finite value for both cases 8 . 
Fig. 3. shows the resistance against the site (l,m,n) along the [111] 
direction for a perfect and for a perturbed SC (i.e the bond between 
i = (0,0,0) and j = (1,0,0) is broken). The resistance is symmetric along 

[1 1 1] direction for both the perfect and perturbed cases. 

Figures. 4-6. same as the above figures except that the broken bond is 
shifted (i.e the bond between / = (1,0,0) and j = (2,0,0) is broken). The 

resistance along [100] direction is not symmetric in the perturbed case 
since the broken bond is taken to be along that direction. 
From Figs. 1-6, as the broken bond is shifted from the origin along [100] 
direction then the resistance of the perturbed SC approaches that of the 
perfect lattice. Also, one can see that the perturbed resistance is always 
larger than the perfect one. Measurement of the resistance of a finite SC 
is under investigation in order to compare results. 
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Fig. 1 The resistance on the perfect (squares) and the perturbed (circles) SC between 
i = (0,0,0) and /= (y x , 0,0) along the [100] direction as a function of j x . The ends of the 

removed bond are i a = (0,0,0) and j g = (1,0,0) . 

Fig. 2 The resistance on the perfect (squares) and the perturbed (circles) SC between 
i = (0,0,0) and j = (0,7^,0) along the [010] direction as a function of / . The ends of the 

removed bond are i = (0,0,0) and j = (1,0,0) . 

Fig. 3 The resistance on the perfect (squares) and the perturbed (circles) SC between 
i = (0,0,0) and j = (j x ,j y ,j z ) along the [111] direction as a function of j . The ends of the 

removed bond are i a = (0,0,0) and j = (1,0,0) . 

Fig. 4 The resistance on the perfect (squares) and the perturbed (circles) SC between 
i = (0,0,0) and j = (y v ,0,0) along the [100] direction as a function of j x . The ends of the 

removed bond are i = (1,0,0) and/ = (2,0,0) . 

Fig. 5 The resistance on the perfect (squares) and the perturbed (circles) SC between 
i = (0,0,0) and j = (0, j ,0) along the [010] direction as a function of / . The ends of the 

removed bond are i = (1,0,0) and/ = (2,0,0) . 

Fig.3.6 The resistance on the perfect (squares) and the perturbed (circles) SC between 
i = (0,0,0) and j = (j x ,j y ,j z ) along the [111] direction as a function of j . The ends of the 

removed bond are i = (1,0,0) and/ = (2,0,0) . 
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The Site (i,j) 



Fig. 6 



Table Captions 

Table 1: Various values of the resistance in a perfect infinite SC for arbitrary sites. 

Table 2: Calculated values of the resistance between the sites i = (0,0,0) and j = (J x ,j, j z ) 
, for a perturbed SC ( the bond between / = (0,0,0) and j a = (1,0,0) is broken). 

Table 3: Calculated values of the resistance between the sites i = (0,0,0) and 
j = (J x , j ,j z ) , for a perturbed SC ( the bond between i = (1,0,0) and 
j = (2,0,0) is broken). 
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Table 3 
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